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Abstract. In this paper a new integral equation solution to the elastic-plastic problem of 
functionally graded bars under torsional loading is presented. The formulation is general in 
the sense that it can be applied to an arbitrary cross-section made of any type of elastoplastic 
material. In material science the Functionally Graded Material (FGM) is a non-homogeneous 
composite which performs as a single-phase material, by unifying the best properties of its 
constituent phase material. The nonlinear elastic-plastic behavior is treated by employing the 
deformation theory of plasticity. According to this theory, the material constants are assumed 
variable within the cross section, and are updated through an iterative process so as the 
equivalent stress and strain at each point coincide with the uniaxial material curve. In this 
investigation a new straightforward nonlinear procedure is introduced in the deformation 
theory of plasticity which simplifies the solution method. At each iteration step, the warping 
function is obtained by solving the torsion problem of a non-homogeneous isotropic bar using 
the Boundary Element Method (BEM) in conjunction with the Analog Equation Method 
(AEM). Without restricting the generality, the FGM material is comprised of a ceramic phase 
and a metal phase. The ceramic is assumed to behave linearly elastic, whereas the metal is 
modeled as an elastic – linear hardening material. Furthermore, the TTO homogenization 
scheme for estimating the effective properties of the two-phase FGM was adopted. Several 
bars with various cross-sections and material types are analyzed, in order to validate the 
proposed model and exemplify its salient features. Moreover, useful conclusion are drawn 
from the elastic-plastic behavior of functionally graded bars under torsional loading. 
1. Introduction 
In this paper a new integral equation solution to the elastic-plastic problem of functionally 
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graded bars with arbitrary cross-section under torsional loading is presented. The continuous 
effort of engineers to design efficient materials which must be as light and economic as 
possible yet strong enough to withstand the most demanding functional requirements arising 
during their service life gave birth to a new class of materials; the Functionally Graded 
Material (FGM). In material science the FGM is a non-homogeneous composite which 
performs as a single-phase material, by unifying the best properties of its constituent phase 
materials. FGMs are deemed to have an advantageous behavior over laminated composites 
due to the continuous variation of their material properties yet in all three dimensions which 
alleviate delamination, de-bonding and matrix cracking initiation issues. There are several 
homogenization schemes for estimating the effective properties of a two-phase elastic FGM. 
Among them, the Mori-Tanaka [1] and self-consistent [2] schemes are the most prevalent 
ones. However, for nonlinear or elastic-plastic FGMs the problem is complicated due to 
additional material parameters. Besides the elastic moduli, which are quantified in linear 
FGMs, the flow stress and the plastic strain-hardening modulus must be also identified. 
Nakamura et al. [3] used the Kalman filter technique to estimate FGM through-thickness 
compositional variation and a rule-of-mixtures parameter that defines effective properties of 
FGMs. In this work the TTO homogenization scheme [4] is adopted for the evaluation of the 
FGM effective properties. Without restricting the generality, the FGM material is comprised 
of a ceramic phase and a metal phase. Bocciarelli et al. [5] extended the initially proposed 
TTO model to J2 flow theory with isotropic hardening to describe the elastoplastic behaviors 
of this metal-ceramic FGM. They concluded that the TTO model is an effective 
homogenization rule governing the transition from Hencky-Huber-Mises (HHM) model, 
typical of metals, toward a Drucker-Prager constitutive model which is more suitable to 
describe the mechanical response of ceramics. According to the TTO model the mechanical 
behavior of metal-ceramic composites beyond the elastic range, is essentially governed by the 
spreading of plasticity in the metal phase [5]. Specifically, the brittle ceramic is assumed to 
behave linearly elastic, whereas the metal is modeled as an elastic – linear hardening material.  
Furthermore, a significant number of research papers has been published on the elastic-
plastic torsion problem of homogeneous bars using analytical and numerical methods (see e.g. 
[6-20]). However, the work that has been conducted on the elastic-plastic torsion problem of 
composite bars is rather limited. Sapountzakis and Tsipiras [21] employed the Boundary 
Element Method (BEM) to the elastic–plastic uniform torsion problem of composite 
cylindrical bars of arbitrary cross-section consisting of materials in contact, each of which can 
surround a finite number of inclusions, taking into account the effect of geometric 
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nonlinearity. Sapountzakis and Tsipiras [22] investigated also the effect of axial restraint on 
the previous elastic-plastic torsion problem of composite bars, treating the cases of free axial 
boundary conditions (vanishing axial force), restrained axial shortening or given axial force as 
special cases of an axially elastically supported bar. Recently, Bayat and Toussi [23] solved 
the elastoplastic torsion problem of hollow FGM circular shafts. The torsional shaft is 
considered as a thick-walled axisymmetric inhomogeneous cylindrical object, while the FG 
material is composed of ceramic and metallic parts with power function distribution only 
across the radial direction. 
To the authors’ knowledge, this is the first work that treats the elastic-plastic problem of 
functionally graded bars with arbitrary cross-section under torsional loading. The formulation 
is general in the sense that it can be applied to an arbitrary cross-section made of any type of 
elastoplastic material (elastic – perfectly plastic, strain hardening and nonlinear materials). 
The nonlinear elastic-plastic problem can be mathematically described by two general class-
theories: (i) the total strain theory or deformation theory and (ii) the incremental strain theory 
or flow theory [24]. The former class-theory, known also as Hencky’s theory, is employed in 
this investigation leading to the nonlinear elastoplastic boundary value problem. According to 
this theory the material constants are assumed variable within the cross section, and are 
updated through an iterative process so as the equivalent stress and strain at each point 
coincide with the uniaxial material curve. Several iterations schemes have been proposed in 
the literature which exhibit, however, a certain degree of complexity. In this investigation a 
new straightforward nonlinear procedure is introduced in the deformation theory of plasticity 
which simplifies the solution method. The key characteristic of the proposed approach lies in 
the fact that a nonlinear system of algebraic equations is constructed and any numerical 
method can be employed for its solution. At each iteration step, the warping function is 
obtained by solving the torsion problem of a non-homogeneous isotropic bar using the BEM 
in conjunction with the AEM [25], a robust integral equation method. Several bars with 
various cross-sections and material types are analyzed, in order to validate the proposed 
model and exemplify its salient features. Moreover, useful inferences are drawn from the 
elastic-plastic behavior of functionally graded bars under torsional loading. 
2. Problem formulation  
2.1 Stress-strain relationship and effective material properties on total deformation theory 
Scrutinizing the total deformation theory of plasticity, it becomes evident that the 
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formation of the constitutive relation between stress and strain is of vital importance. 
Following the work of Jahed et al. [26] this stress-strain relationship takes the form 
 ( )ij ijfε σ=  (1) 
where f  is a nonlinear function and ijε  is total strain tensor which is the sum of the 
conservative elastic and nonconservative plastic part [27] 
 e pij ij ijε ε ε= +  (2) 
Using Hooke’s law for isotropic material, the elastic strain tensor is related to the stress 
tensor as 
 
1e
ij ij kk ijE E
ν νε σ σ δ+= −  (3) 
where ν  is the Poisson’s ratio, E  is the Young’s modulus and ijδ  is the Kronecker delta. 
According to Hencky’s deformation theory, the plastic strain tensor is related to the 
deviatoric part of stress tensor in the following form [26-28]  
 pij ijsε = Φ  (4) 
where  
 
1
3ij ij kk ij
s σ σ δ= −  (5) 
is the deviatoric stress tensor, and Φ  is a scalar valued function given by 
 
3
2
p
eq
eq
ε
σ
Φ =  (6) 
In the previous relation the equivalent plastic strain peqε  and equivalent stress eqσ  are defined 
as 
 
2
3
p p p
eq ij ijε ε ε=  (7) 
 
3
2eq ij ij
s s=σ
 (8) 
Substitution of Eqs. (4) - (8) into Eq. (3), provides 
 1
3ij ij kk ijE E
ν νε σ σ δ+ Φ   = + Φ − +   
   
 (9) 
The above equation can be rewritten as  
 
1 eff eff
ij ij kk ij
eff effE E
ν ν
ε σ σ δ
 +
= −  
 
 (10) 
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where effE  and effν  are the effective Young’s modulus and Poisson’s ratio, respectively, and 
are treated as material parameters. In general, Eq. (10) describes the material nonlinear 
behavior since effE  and effν  are field variables which uniquely depend on the final state of 
stress at every point of the material. Obviously, in the elastic regime the values of effE  and 
effν  are constants and equal to E  and ν , respectively. Comparing Eqs. (9) and (10), we can 
obtain the effective values of the material parameters as 
 
1
1 2
3
effE
E
=
+ Φ
 (11) 
 
1 1
3 2 2
eff
eff eff
E
E v
E E
Φ   = + = + −   
   
νν
 (12) 
Hencky suggested that nonlinear deformation can be modeled with strain-stress relations in 
which the final strains are a function of only the final stresses irrespective of the loading path 
to that final stress state [24]. In light of the above the deformation theory is applicable only if 
effE  and effν  can be expressed as a function of the multiaxial stress state. We have already 
expressed effν  in terms of effE  through Eq. (12). The final step is to express effE  as a 
function of the multiaxial stress state by use of the universal stress-strain curve. 
The multiaxial stress state is described with the stress intensity [24] 
 ( ) ( ) ( ) ( )2 2 2 2 2 22 62eq x y y z z x xy yz xz= − + − + − + + +σ σ σ σ σ σ σ τ τ τ  (13) 
and the corresponding strain state is described with the strain intensity [24] 
 ( ) ( ) ( ) ( ) ( )
2 2 2 2 2 21 3
22 1eq x y y z z x xy yz xzeff
= − + − + − + + +
+
ε ε ε ε ε ε ε γ γ γ
ν
 (14) 
The above intensities are related to the effective Young’s modulus as (see Fig. 1) 
 eq eff eqE=σ ε  (15) 
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Fig. 1. The stress-strain relation for a linear work-hardening material. 
Observing Fig. 1, it is deduced that effE  is the secant modulus which can be obtained by 
the uniaxial experimental material curve employing a nonlinear procedure described in the 
next section. 
In the case of a linear work-hardening material (see Fig. 1) the stress-strain relationship 
can be cast in the form 
 Eσ ε=      for    Yε ε≤  (16) 
 ( )1
h
Y Eσ σ α ε= − +     for    Y≥ε ε  (17) 
where Yε  and Yσ  are the yield strain and stress, respectively, and 
hE  is the hardening 
modulus with α  being the ratio of the slope of the linear hardening line to the slope of the 
elastic line. Thus, for the perfectly plastic case 0α =  and, for the elastic case 1α = . 
2.2 The torsion problem  
Consider now an elastic bar of length L  with arbitrary cross-section occupying the two-
dimensional domain Ω  of arbitrary shape in the ,x y  plane bounded by the curve Γ  which 
may be piecewise smooth, i.e. it may have a finite number of corners. The cross-section is 
constant along the length of the bar and is twisted by moments tM  applied at its ends. 
According to Saint-Venant’s torsion theory (e.g. [14, 29]), the deformation of the bar consists 
of (a) rotations of the cross-sections about an axis passing through the twist center of the bar 
and (b) warping of the cross-sections, which is the same for all sections. Choosing the origin 
of the coordinate system at the twist center of an end section, the rotation at a distance z  is 
zθ , where θ  is a constant expressing the rotation of a cross-section per unit length. 
Assuming that this rotation is small, the displacement components of an arbitrary point are 
 u zyθ= −  (18) 
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 v zxθ=  (19) 
 ( , )w x yθφ=  (20) 
where ( , )x yφ  is the warping function. The displacement field given above yields the 
following nonzero components of the strain tensor  
 ( ),xz x yγ θ φ= −  (21) 
 ( ),yz y xγ θ φ= +  (22) 
Substituting Eqs. (21) and (22) into the stress-strain relations of the deformation theory of 
plasticity Eqs. (10), yields the following nonzero components of the stress tensor  
 ( ),xz eff xG yτ θ φ= −  (23) 
 ( ),yz eff yG xτ θ φ= +  (24) 
where  
 ( )2 1
eff
eff
eff
E
G
ν
=
+
 (25) 
is the effective shear modulus. Recalling Eqs. (13) and (14) the stress eqσ  and strain eqε  
intensities for the Saint-Venant’s torsion theory take the form 
 ( )
2 23eq yz xz= +σ τ τ  (26) 
 ( )
( )2 21 3
2 1eq yz xzeff
= +
+
ε γ γ
ν
 (27) 
Introducing Eqs. (23) and (24) into the equilibrium equations and the boundary conditions 
for the three-dimensional elastic body, noting that xzτ  and yzτ  are both independent of z , we 
obtain the following boundary value problem for the warping function [30] 
 2 , , , , , ,eff eff x x eff y y eff x eff yG G G yG xGφ φ φ∇ + + = −    in Ω (28) 
 x yyn xnφ∇ ⋅ = −n    on   Γ (29) 
where n  is the unit vector, normal to the boundary Γ . Eq. (28) is actually the governing 
equation of the torsion problem of a non-homogeneous isotropic bar [30], since the effective 
shear modulus is treated as spatial field variable which varies at each point inside the domain 
Ω . 
Moreover, the torsional moment of the cross section is given as [29, 30] 
 ( )t yz xzM x y dτ τΩ= − Ω∫  (30) 
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2.3 FGM constitutive relation 
In this investigation the TTO homogenization scheme [4] is adopted for the evaluation of 
the FGM effective properties. Without restricting the generality, the FGM material is 
comprised of a ceramic phase and a metal phase. In general, the volume fraction of the two 
FGM constituents (ceramic and metal) follows the power law distribution  
 ( )0.5 / kcV y h= + ,   1c mV V+ =  (31), (32) 
where V  is the volume fraction of the constituents, and k  is the non-negative power law 
exponent (see Fig. 2a). In our case, the multi-linear hardening elastoplastic material properties 
along the thickness can be defined by [3, 31] 
 ( ) ( )/m m c c m cE RE V E V RV V= + + ,   c
m
q ER
q E
+
=
+
 (33), (34) 
 m m c cV Vν ν ν= + ,   
1 c
Y Ym m c
m
EV V
R E
σ σ
 
= + 
 
 (35), (36) 
 ( ) ( )/h hm m c c m cE RE V E V RV V= + +  (37) 
where E , ν , Yσ , and 
hE  are the overall Young’s modulus, Poisson’s ratio, yield stress, and 
hardening modulus of the homogenized material (see Fig. 2b). Moreover, q  is the stress 
transfer dimensionless parameter [3] 
 
( )
( )
c m
c c m
q
E
σ σ
ε ε
−
=
−
,   (0 )q≤ ≤ ∞  (38) 
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E
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Fig. 2. Material distribution (a) and bilinear stress-strain relation for the FGM work-hardening 
material (b). 
which expresses the normalized ratio of the stress to strain transfer. Generally, the parameter 
q  depends on several factors (e.g. mechanical characteristics of each constituent, loading 
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etc.). However, in most applications q  is assumed constant even beyond the elastic limit due 
to lack of experimental data [5]. 
3. Numerical implementation 
At each iteration step of the nonlinear procedure the warping function is obtained by 
solving the torsion problem of a non-homogeneous isotropic bar. In this section both the 
solution to the torsion problem and the nonlinear procedure are presented. 
3.1 The AEM solution to the non-homogeneous torsion problem 
The boundary value problem described by Eq. (28) together with the boundary condition 
Eq. (29), is solved using the BEM in conjunction with the AEM, a robust numerical integral 
equation method. According to the AEM, the original equation is substituted by an equation 
of the same order with known fundamental solution, which for the problem at hand is 
 2 ( )bφ∇ = y  (39) 
Eq. (39), which is called analog equation, indicate that the solution of Eq. (28) could be 
established by solving this Poisson’s equation under the boundary condition Eq.(29), if the 
unknown source ( )b y  ( ∈Ωy ), was known. Its establishment is accomplished following the 
procedure below [30]. 
The integral representation of the solution to Eq. (39) is obtained by applying Green’s 
identity for the warping function φ  and ( ) / 2n rφ π∗ =   which is the fundamental solution to 
the Laplace equation. Thus, we have [29] 
 ( ) ( , ) ( ) [ ( , ) , ( ) ( ) , ( , )]n i nb d dsξεφ φ φ ξ φ ξ φ ξ φ ξ
∗ ∗ ∗
Ω Γ
= Ω − −∫ ∫yx x y y x x  (40) 
in which ∈Ω ∪ Γx , ∈Ωy  and ξ ∈Γ ; *,nφ  is the derivative of the fundamental solution 
normal to the boundary with r = −y x  or r ξ= − x  being the distance between the points 
,x y  or ,ξx . The expression (40) represents the solution of the differential equation (39) for 
points (i) inside the domain ∈Ωx  ( 1ε = ), (ii) on the boundary ∈Γx  ( / 2ε α π= ) where α  
is the angle between the tangents to the boundary at point x  (for points where the boundary is 
smooth it is 1/ 2ε = ), and (iii) outside the domain ∉Ω ∪ Γx  ( 0ε = ). For more information 
on the development of the BEM, we refer the interested reader to [29]. 
Applying now Eq. (40) to the boundary points yields the boundary integral equation 
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 ( ) ( , ) ( ) [ ( , ) , ( ) ( ) , ( , )]2π n n
a b d dsξφ φ φ ξ φ ξ φ ξ φ ξ
∗ ∗ ∗
Ω Γ
= Ω − −∫ ∫yx x y y x x  (41) 
which is a domain-boundary integral equation and could be solved using domain 
discretization to approximate the domain integrals. This, however, would spoil the advantages 
of BEM over the domain methods. We can maintain the pure boundary character of the 
method by converting the domain integrals to boundary line integrals using the following 
procedure. The unknown fictitious source ( )b y  is approximated by the series 
 
1
( )
M
j j
j
b a f
=
= ∑y  (42) 
where ( )j j jf f r=  is a set of M  radial basis approximation functions and ja  are M  
coefficients to be determined; j jr = −y x  with jx  being the M  collocation points located 
in the domain Ω  (see Fig. 3). Using the Green’s reciprocal identity [29] the domain integral 
in Eq. (41) becomes 
 
Boundary nodes 
Total N 
Interior nodes 
Total M 
jkr
jmr
mkr
m
k
j
(Ω)
0Γ
iΓ
 
Fig. 3. Boundary discretization and domain nodal points. 
 { }
1
1
( , ) ( ) ( , ) ( )
ˆ ˆ ˆ( ) ( , ) , ( ) ( ) , ( , )
M
j j
j
M
j j j n j n
j
d a f d
a u u u dsξ
φ φ φ
ε φ ξ ξ ξ φ ξ
∗ ∗
Ω Ω
=
∗ ∗
Γ
=
Ω = Ω
 = + − 
∑∫ ∫
∑ ∫
y yx y y x y y
x x x  (43) 
in which ˆ ( )j ju r  is a particular solution of the equation 
 2 ˆ j ju f∇ =  (44) 
and ˆ ,j nu  its derivative normal to the boundary. Note that ˆ ju  can be always established when 
jf  is specified. In view of Eq. (43), Eq. (41) is written as 
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{ }
1
ˆ ˆ ˆ( ) ( ) ( , ) , ( ) ( ) , ( , )
2π
[ ( , ) , ( ) ( ) , ( , )]
M
j j j n j n
j
n n
a a u u u ds
ds
ξ
ξ
φ ε φ ξ ξ ξ φ ξ
φ ξ φ ξ φ ξ φ ξ
∗ ∗
Γ
=
∗ ∗
Γ
 = + − 
− −
∑ ∫
∫
x x x x
x x
 (45) 
For points ∈Ωx  ( 1)ε =  the warping function ( )φ x  can be evaluated from Eq. (40), which 
by virtue of Eq. (43) provides 
 
{ }
1
ˆ ˆ ˆ( ) ( ) ( , ) , ( ) ( ) , ( , )
[ ( , ) , ( ) ( ) , ( , )]
M
j j j n j n
j
n n
a u u u ds
ds
ξ
ξ
φ φ ξ ξ ξ φ ξ
φ ξ φ ξ φ ξ φ ξ
∗ ∗
Γ
=
∗ ∗
Γ
 = + − 
− −
∑ ∫
∫
x x x x
x x
 (46) 
It is apparent that the first and second derivatives of the warping function ( )φ x  can be 
obtained by direct differentiation. Namely 
 
{ }*
1
*
ˆ ˆ ˆ, ( ) , ( ) , ( , ) , ( ) ( ) , ( , )
[ , ( , ) , ( ) ( ) , ( , )]
M
kl j j kl kl j n j nkl
j
kl n nkl
a u u u ds
ds
ξ
ξ
φ φ ξ ξ ξ φ ξ
φ ξ φ ξ φ ξ φ ξ
∗
Γ
=
∗
Γ
 = + − 
− −
∑ ∫
∫
x x x x
x x
 (47) 
where , 0, ,k l x y= . Note that 00,φ φ≡ . 
The final step of AEM is to apply Eq. (28) to the M  collocation points inside Ω . We, 
thus, obtain a set of M  equations of the form 
 2 , , , , , ,j j j j j j j j j jx x y y x yeff eff eff eff effG G G y G x Gφ φ φ∇ + + = −  (48) 
in which 1,2,...j M= . Substitution of Eqs. (47) into Eqs. (48) yield a set of M  linear 
algebraic equations which can be used to evaluate the coefficients ja . This can be 
implemented only numerically using the procedure presented in the following. 
The BEM with constant elements is used to approximate the boundary integrals in 
Eqs. (45), (46) and (47). In this case it is a π= , hence 1/ 2ε = . If N  is the number of the 
boundary nodal points (see Fig. 3), then for the m  nodal point Eq. (45) is written as 
 
1 1 1
1 ,
2
M N N
m k k
mj j mk mk n
j k k
F a H Gφ φ φ
= = =
= + −∑ ∑ ∑  (49) 
where 
 *, ( )mk n mkkH r dsφ= ∫ ,   
*( )mk mkkG r dsφ= ∫  (50), (51) 
 
1 1
ˆ ˆ ˆ( , )
N N
m k k
mj j mk j mk n j
k k
F u H u G uε
= =
= − +∑ ∑  (52) 
in which 1,2,...,m N=   and 1,2,...,j M= .  
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Applying Eq. (49) to all boundary nodal points and using matrix notation provides 
 ,n− + =H G Fa 0φ φ  (53) 
where { }1 2, ,...,
T
Ma a a=a ; φ , ,nφ  are the vectors of the N  boundary nodal values of the 
warping function and its normal derivative, respectively, and 
 12−H = H I   (54) 
where I  is the unit matrix. 
The boundary condition Eq. (29) applied to all boundary points yields 
 3,n = βφ  (55) 
where 3β  is a known 1N ×  vector including the values of the right-hand-side of Eq. (29). 
Now, Eqs. (53) and (55) can be combined to express φ  in terms of a   
 = +Sa sφ  (56) 
in which S  is known N M×  rectangular matrix and s  is known 1N ×  vector. 
Moreover, using the same discretization in Eqs. (46), (47) and applying them to the M  
collocation points we obtain 
 ,n= + −Fa H Gφ φ φ  (57) 
 , ,kl kl kl kl n= + −F a H Gφ φ φ  (58) 
where , 0, ,k l x y= . In the previous expression H , klH , G , klG  are known M N×   matrices 
originating from the integration of the kernels on the boundary elements of Eqs. (46), (47) and 
φ , ,klφ  are 1M ×  vectors including the values of φ  and its derivatives at the interior 
collocation points. Note that the resulting line integrals are regular since the distance jmr  in 
the kernels does not vanish. 
Subsequently, substituting Eqs. (58) into Eqs. (48) and using Eqs. (55) and (56) to 
eliminate φ  and ,nφ , yields the following linear system of equations for a  
 =Ka g  (59) 
Evidently, the coefficients a  are employed in Eq. (53) to evaluate φ  while the warping 
function and its derivatives at the M  nodal points are computed from Eqs. (57) and (58). For 
points P ∈Ω  not coinciding with the nodal points these quantities are evaluated from the 
discretized counterparts of Eqs. (46) and (47). 
The shear stresses are now evaluated using Eq. (23) and (24). The torsional moment of the 
cross section is obtained by the domain integral of Eq. (30). In this work we evaluate the 
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domain integral using the method presented in [32], which transforms the domain integral into 
a boundary line one. Thus, the integrand ( ) yz xzR x yτ τ= −x  of the domain integral is 
approximated by radial basis functions  
 
1
( )
M
j j
j
R a f
=
= ∑x  (60) 
where ja  are M  coefficients to be determined. Collocating the above equation at the M  
domain nodal points we obtain  
 =R Φa  (61) 
where [ ]jif=Φ  is an M M×  matrix and R  is a 1M ×  vector with the values of the integrand  
at the domain nodal points. The ja  coefficients are obtained from Eq. (61) as  
 1−=a Φ R  (62) 
Substituting Eq. (60) in Eq.(30) yields 
 
1 1
( )
M M
t j j j j
j j
M R d a f d a f d
Ω Ω Ω
= =
= Ω = Ω = Ω∑ ∑∫ ∫ ∫x  (63) 
Using Green’s reciprocal identity and the same boundary discretization as previous, 
Eq. (63) becomes 
 
1 1
ˆ ,
k
M N
t j j n
j k
M a u ds
Γ
= =
= ∑∑ ∫  (64) 
which permits the evaluation of the torsional moment of the cross section.  
3.2 Nonlinear procedure 
The nonlinear procedure consists in finding the complete spatial distribution of effE  and 
effν  so that the equivalent stress and strain at each point must coincide with the uniaxial 
material curve. Several iterations schemes have been proposed in the literature for the 
determination of effE  and effν  (e.g. the projection method, the arc-length method, the 
Neuber’s rule) which exhibit, however, a certain degree of complexity.  
In this investigation a new straightforward nonlinear procedure is introduced in the 
deformation theory of plasticity which simplifies the solution method. The key characteristic 
of the proposed approach lies in the fact that a nonlinear system of algebraic equations is 
constructed and any numerical method can be employed for its solution. 
To begin with, effE  is approximated by the series 
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1
( )
M
eff j j
j
E k f
=
= ∑y  (65) 
where ( )j j jf f r=  is a set of M  radial basis approximation functions and jk  are M  
coefficients to be determined; j jr = −y x  with jx  being the M  collocation points located 
in the domain Ω  (see Fig. 3). 
Secondly, effν  and effG  are calculated by the following relations 
 
1 1
2 2
eff
eff
E
v
E
ν  = + − 
 
,   ( )2 1
eff
eff
eff
E
G
ν
=
+
 (66) 
Further, for a given value of θ , the shear strains  
 ( ),xz x yγ θ φ= − ,    ( ),yz y xγ θ φ= +  (67), (68) 
and the accompanying stresses 
 ( ),xz eff xG yτ θ φ= − ,   ( ),yz eff yG xτ θ φ= +  (69), (70) 
are employed for the evaluation of the equivalents stress eqσ  and strain eqε  intensities 
 ( )2 23eq yz xz= +σ τ τ ,   ( ) ( )
2 21 3
2 1eq yz xzeff
= +
+
ε γ γ
ν
  (71), (72) 
Consequently, Eqs. (69) and (70) are used to cast the system of the M  nonlinear algebraic 
equations for the unknown parameters jk   
 
( ) if ( )
( )
( ( ) ), if ( )
eq j eq j Y
eq j h
Y eq j Y eq j Y
E k k
k
E k k
 <= 
+ − <
                   ,     
    
ε ε ε
σ
σ ε ε ε ε
 (73) 
in order to satisfy the universal material curve at each of the M  collocation points located in 
the domain Ω . 
Note that in Eqs. (67) - (70) the warping function and its derivatives have been evaluated 
by the solution of the torsion problem of a non-homogeneous isotropic bar described in the 
previous section.  
The nonlinear procedure presented in this section permits the analysis of any type of 
elastoplastic material (elastic – perfectly plastic, strain hardening and nonlinear materials). In 
this work the nonlinear system of algebraic equations was solved using the Newton-Raphson 
iteration method. 
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4. Numerical examples 
On the basis of the numerical procedure presented in the previous section, a FORTRAN 
code has been written and numerical results for bars with various cross-sections and material 
types have been obtained, which illustrate the applicability, effectiveness and accuracy of the 
proposed method. The employed radial basis functions jf  are the multiquadrics (MQs) which 
are defined as 2 2jf r c= + , where c  is a shape parameter. The particular solution ˆ ( )j ju r  is  
 ( ) ( )
3
2 2 2 2 2 2 21ˆ ln 4
3 9j
cu c r c c r c r c= − + + + + +   (74) 
In all cases the shape parameter was taken 0.1c = . 
4.1 Elastic-perfectly plastic bar with rectangular cross-section 
As a first example we treat the torsion problem of an isotropic elastic-perfectly plastic bar 
with rectangular cross-section b h×  with 5b cm=  and 10h cm= . The employed data of the 
material are: 2210600 kN/cmE = , 0.3ν =  and 224 kN/cmYσ = . As the results depend 
mostly on the number of domain nodal points, a convergence test was carried out. Table 1 
presents the torsional moment for various values of the domain nodal points M  using 
300N =  boundary elements. It can be easily seen that 300 nodal points are sufficient in order 
to gain convergence solution even for large values of the rotation θ . Nonetheless, in this 
study 450 domain nodal points were used in order to depict accurately the plastic regions of 
the cross section (see Fig 4). Additionally, the proposed method proves its computational 
efficiency since a few seconds are needed on a personal computer with an Intel Core i3 
processor to get accurate results. 
 
Table 1 
Torsional moment for various values of M  ( 300N = ). 
/ elθ θ  
/t elM M  
98M =  162M =  200M =  300M =  450M =  
1.09 1.04 1.06 1.07 1.07 1.08 
1.50 1.38 1.37 1.37 1.36 1.36 
1.90 1.53 1.52 1.51 1.51 1.50 
2.45 1.64 1.62 1.62 1.60 1.58 
3.00 1.66 1.65 1.65 1.64 1.63 
 
The maximum value of the elastic torsional moment for this cross-section is 
16 
20.142 852.2 kNcmel YM hb σ= =  and the maximum plastic torsional moment is 
20.0962(3 ) 1443.4 kNcmpl YM h b b σ= − =  [14]. Fig. 5 presents the torsional moment-rotation 
curve obtained by the presented method and the results are in very good agreement with that 
obtained by [21] using flow theory and the BEM. Fig. 6 shows the plastic zones of the cross 
section for various values of the rotation θ . Moreover, in Fig. 7 the shear stress vector 
distribution in the elastic state ( / 1elθ θ = ) and in elastic-plastic state ( / 4.75elθ θ = ) are 
depicted. 
 
Fig. 4. Distribution of 300N =  boundary and 450M =  domain nodal points in Example 
4.1. 
 
Fig. 5. Torsional moment-rotation curve in Example 4.1. 
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 (a)  (b) 
 (c) 
Fig. 6. Plastic regions of the rectangular cross section for (a) / 1.36elθ θ =  (b) / 2.18elθ θ =  
and (c) / 4.75elθ θ =  in Example 4.1. 
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Fig. 7. Shear stress ( 2kN/cm ) vector distribution in (a) elastic state ( / 1elθ θ = ) and (b) in 
elastic-plastic state at / 4.75elθ θ =  in Example 4.1. 
4.2 Elastic-plastic bar with triangular cross-section 
As a second example we study the torsion problem of an isotropic elastic-plastic bar with 
an equilateral triangular cross section with side length 10 cmb = , as shown in Fig. 8. The 
employed data of the material are: 2210600 kN/cmE = , 0.3ν =  and 224 kN/cmYσ = . The 
results were obtained using 240N =  constant boundary elements and 288M =  nodal points 
(see Fig. 8). The exact values of the maximum elastic and plastic torsional moments are given 
as: 30.02884 692.3 kNcmel YM bσ= =  and 
30.04811 1154.7 kNcmpl YM bσ= = . Fig. 9 shows 
the torsional moment-rotation curve for elastic-perfectly plastic material, which has been 
obtained by the presented method. The results are in very good agreement with that obtained 
by flow theory using the FEM [14]. More specifically, at / 4elθ θ =  the FEM in [14] gives 
/ 1.622t elM M = , whereas our proposed method gives / 1.645t elM M = . Furthermore, Fig. 
10 shows the plastic zones of the triangular cross-section for various values of the rotation θ . 
Fig. 11 and 12 present the contours of the warping surface and the shear stress vector 
distribution in the elastic ( / 1elθ θ = ) and elastic-plastic regime ( / 4.3elθ θ = ), respectively. 
Finally, in Fig 13 the moment-rotation curves for hardening material with hE aE= , for two 
cases of the parameter a  ( 0.3  and 0.5) are depicted. 
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Fig. 8. Boundary and domain nodal points in triangular cross section in Example 4.2. 
 
 
 
Fig. 9. Torsional moment-rotation curve in Example 4.2. 
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(a) 
 
(b) 
 (c) 
Fig. 10. Plastic regions of the triangular cross section for (a) / 1.05elθ θ =  (b) / 2.6elθ θ =  and 
(c) / 4.3elθ θ =  in Example 4.2. 
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Fig. 11. Contours of the warping surface in the (a) elastic ( / 1elθ θ = ) and (b) elastic-plastic 
( / 4.3elθ θ = ) regime in Example 4.2. 
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Fig. 12. Shear stress ( 2kN/cm ) vector distribution in the (a) elastic ( / 1elθ θ = ) and (b) 
elastic-plastic ( / 4.3elθ θ = ) regime in Example 4.2. 
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Fig. 13. Torsional moment-rotation curves for various values of the hardening parameter 
a  in Example 4.2. 
 
4.3 FGM Elastic-plastic bar with rectangular cross-section 
The final example is devoted to the study of an elastic-plastic bar with rectangular cross 
section b h×  with 5b cm=  and 10h cm=  (see Fig. 4) made of an FGM with ceramic and 
metal constituents. The employed data of the ceramic phase are: 25000 kN/cmcE = , 0.25cν =  
and for the metal phase are: 23000 kN/cmmE = , 0.25mν =  and 2500 kN/cmhmE = , 
25 kN/cmYσ = . The distribution of the overall values of E , Yσ  and 
hE  along the y axis are 
shown in Fig. 14. The results were obtained using 300N =  constant boundary elements and 
450M =  nodal points (see Fig. 4). The maximum values of the elastic and fully plastic 
torsional moment for this cross-section made of metal are 20.142 177.53 kNcmel YM hb σ= =  
and 20.0962(3 ) 300.62 kNcmpl YM h b b σ= − = , respectively.  
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Fig. 14. Distribution of the overall values E , Yσ  and 
hE  along the y axis in Example 4.3. 
 
Fig. 15 shows the torsional moment-rotation curve of the FGM material for various values 
of the power law exponent k . It is observed that the response of the FGM material 
approaches the response of the ceramic material when k  tends to zero, but for large values of 
k  approaches the response of the metal. Moreover, Fig. 16 - 20 present the progress of the 
plastic zones and shear stresses for various values of the power law exponent k  and the 
rotation θ . What is interesting to notice is that the yielding always commences at points 
placed on the boundary independently of k . However, the plasticity spreads more rapidly as 
k  increases. Finally, the contours of the warping function in the elastic-plastic state 
( / 2.6elθ θ = ) are depicted in Fig. 21.  
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Fig. 15. Torsional moment-rotation curves of the FGM material for various values of the 
power law exponent k  in Example 4.3. 
  
Fig. 16. Plastic regions for FGM material ( 0.1)k =  (a)  / 1.06elθ θ =  and (b)  / 1.85elθ θ =  
in Example 4.3. 
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Fig. 17. Plastic regions for FGM material ( 1)k =  (a)  / 1.06elθ θ =  and (b)  / 2.60elθ θ =  in 
Example 4.3. 
 
  
Fig. 18. Plastic regions for FGM material ( 3)k =  (a)  / 1.06elθ θ =  and (b)  / 2.60elθ θ =  
in Example 4.3. 
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Fig. 19. Shear stress ( 2kN/cm ) vector distribution for FGM material ( 1)k =  (a)  
/ 1.06elθ θ =  and (b)  / 2.6elθ θ =  in Example 4.3. 
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Fig. 20. Shear stress ( 2kN/cm ) vector distribution for FGM material ( 10)k =  (a)  
/ 1.06elθ θ =  and (b) / 2.6elθ θ =  in Example 4.3. 
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Fig. 21. Contours of the warping surface for FGM material ( 1)k =  at / 2.6elθ θ =  in 
Example 4.3. 
5. Conclusions 
In this paper a new integral equation solution to the elastic-plastic problem of functionally 
graded bars with arbitrary cross-section under torsional loading was presented. The nonlinear 
elastic-plastic problem was described mathematically by the deformation theory of plasticity. 
Several bars with various cross-sections and material types were analyzed, in order to validate 
the proposed model and exemplify its salient features. The main conclusions that can be 
drawn from this investigation are as follows: 
1. The formulation is general in the sense that it can be applied to an arbitrary cross-section 
made of any type of elastoplastic material (elastic – perfectly plastic, strain hardening and 
nonlinear materials). 
2. The proposed solution method is comprised of (i) an integral equation solution to the 
torsion problem of a non-homogeneous isotropic bar which has the following advantages: 
• The method provides a direct solution to the differential equation and overcomes the 
shortcoming of FEM solutions, which require resizing of the elements and re-
computation of their stiffness during the iteration process, 
• The method is boundary only it has all the advantages of the BEM, i.e. the discretization 
and integration are performed only on the boundary, 
• The warping function and the stress resultants are computed at any point using the 
respective integral representation as mathematical formulae, 
28 
3. and (ii) a new straightforward nonlinear solution to the elastoplastic problem emanating 
from the deformation theory of plasticity with the following advantages: 
• The method is accurate and its implementation is simple. Moreover, it is alleviated from 
the drawback of existing iteration schemes (e.g. the projection method, the arc-length 
method, the Neuber’s rule) which exhibit a certain degree of complexity. 
• The key characteristic of the proposed approach lies in the fact that a nonlinear system 
of algebraic equations is constructed and any numerical method can be employed for its 
solution. 
4. For the elastoplastic torsion problem of homogeneous bars the deformation theory gives 
very good results as compared to those obtained by the flow theory and its main 
advantages are: simpler implementation and lower computational cost. 
5. The torsional response of the metal-ceramic FGM approaches the response of the ceramic 
material when the power law exponent k  tends to zero, but for large values of k  
approaches the response of the metal. 
6. For the rectangular FGM bar is interesting to notice that the yielding always commences at 
points placed on the boundary independently of the power law exponent k . However, the 
plasticity spreads more rapidly as k  increases. 
7. Overall, the ceramic constituent improves the torsional response of the FGM bar since it 
increases the plastic moment capacity of the cross-section and consequently its ultimate 
strength. 
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